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ABSTRACT: We propose here a model for describing mesoscale relaxation mechanisms in soft thermoplastic
elastomers, and also in the high-temperature regime of filled rubbers. The model is solved by dissipative particle
dynamics. We study the response of these systems to deformations of various amplitudes and show that the
systems exhibit plastic behavior. We characterize the elastic and plastic regimes of deformation. We show that
the plastic behavior is related to irreversible reorganizations at a mesoscopic scale. We characterize the latter as
buckling of instabilities that change the local environment of the hard inclusions. We study the effect of filler
volume fraction and of the elastic disorder. Though the mechanisms described here are not the only possible
source of plasticity in these systems, they might be relevant in many circumstances.

1. Introduction

Composite polymeric materials have an extremely wide range
of applications. They are used to make tires (reinforced or filled
elastomers), damping materials, shock absorbers,1-3 and medical
prostheses.4 Thin films are used in electronics applications.5 In
view of the particular application, their properties can be
optimized according to various criteria. For some applications
such as reinforced rubbers, a very high resistance to tear and
wear is required.3,6-8 For biomedical or mechanical applications,
they must have a high resistance to fatigue and, specifically,
retain their initial shape even after a large number of deformation
cycles.4,9-25 The progress in chemical synthesis and engineering
has allowed for the designing of very diverse nanostructured
materials, such as those made of block copolymers, to obtain
materials with tailored physical and mechanical properties.26-29

Thermoplastics elastomers are a wide class of such systems
and are made of, e.g., block copolymers such as ABA or ABC
triblocks. They can be processed in a melt state at high
temperature and become structured materials at room temper-
ature without needing costly processes such as vulcanization.
Copolymers exhibit a great diversity of microphase structures.
We are interested here in the so-called spherical morphologies,
with spheres of A or C polymers embedded in a continuous
matrix of B polymers. These systems are particularly important
when the A and C polymers are in the glassy state at room
temperature, whereas the B polymer has a low glass-transition
temperature and is in the rubbery state at room temperature. In
the spherical morphology, these systems behave as rubbers over
a wide temperature range. The glassy spheres act as cross-links.
Such systems can be obtained with polystyrene-block-isoprene-
block-polystyrene triblock copolymers (PS-b-PI-b-PS), PS-b-
PB-b-PS (PB: polybutadiene), or PS-b-PB-b-PMMA (PMMA:
poly(methyl methacrylate)). Other thermoplastics can be ob-
tained by so-called graft copolymers26 made of a rubbery
backbone with several grafted lateral chains of high-Tg polymers.
It is then possible to obtain systems made of glassy units
embedded in a rubbery matrix with a glassy volume fraction
up to 40%. The observed morphologies depend on the volume

fraction of each component, the degree of incompatibility of
the various blocks, on the molecular architecture, and also on
the methods of preparation as well. A high shear rate in the
melt state may favor dispersion of one phase in the other,
especially after rapid cooling of the sample. The morphology
depends also on the history of the sample. For instance, in ABC
triblock copolymer samples, one can obtain a morphology of
hard cylinders of, e.g., 60% volume fraction or more, embedded
in a rubbery matrix. Such samples often have a high Young’s
modulus and exhibit a yield behavior at small deformation,
which can be interpreted as the consequence of the breaking of
the glassy cylinders. When subsequently deformed, they behave
as soft thermoplastic elastomers without a yield point.21,30The
morphology then corresponds to a dispersion of hard beads in
a rubbery continuous matrix. Cylinder breaking is indeed an
irreversible process at room temperature. Therefore, dispersions
of glassy or hard polymer beads in a rubbery matrix correspond
to very diverse situations covering a wide range of volume
fraction. In this work, we aim at studying the elastic and plastic
properties of thermoplastic elastomers made of a disperse hard
phase embedded in a rubbery matrix. The volume fraction of
glassy beads will be between 20 and 45%. In practice, these
systems cover a wide range of elastic properties, with a shear
modulus ranging from 104 Pa to 107 or 108 Pa.26

When dealing with the elastic properties of these systems,
theoretical models are faced with a number of difficulties of
varying nature. First of all, the microscopic mechanisms at the
origin of macroscopic elasticity in disordered systems,31 and
specifically in systems such as gels or rubbers,32-36 is not yet
completely understood. Gels or rubbers are made of cross-linked
networks of polymer chains. When deforming a sample, the
strands between cross-links are stretched, which results in a
decrease of entropy and thus in a free energy cost. This entropic
origin of the elastic properties of gels or rubbers is no longer
disputed. However, a precise, microscopic description of the
strand network deformation under shear has long been elusive.
Classical models developed in the polymer literature for
describing rubber elasticity have assumed affine deformation
down to the strand scale. On the other hand, it has long been
known that this hypothesis is not correct.34,35,37-40 To go beyond
this assumption, some authors have proposed that the sol-gel
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transition is analogous to percolation.41-46 More recently the
question of the nonaffine nature of the displacements on small
scales has been addressed in gels.47-50 Another important feature
is the role played by excluded volume51,52 and also by
entanglements. Indeed, it has been demonstrated that entangle-
ments are essential for understanding the sol-gel transition and
also for explaining the observed value of the shear modulus,
especially in the case of very long chains.53-56 A further
difficulty in describing gel or rubber elasticity is that these
systems are intrinsically disordered and inhomogeneous as a
result of their preparation.57,58 Cross-linking not only freezes
in the disorder present in the melt but also tends to enhance it;
the more a region is cross-linked, the more it tends to collapse,
which in turn enhances further cross-linking in this region. This
results in large-scale heterogeneities that are responsible for
turbidity in gels, for instance, and which have been evidenced
experimentally.34,59

The presence of the hard beads embedded in a rubbery matrix
is expected to create specific features. First, the glassy beads
are an important source of elastic disorder on a scale larger than
that of the cross-linking process in pure rubbers. At small
deformation, the glassy spheres should in principle favor affine
deformation because they cannot cross each other. On the other
hand, at larger deformations, the relative positions of the hard
spheres may be modified in an irreversible way. Thus, the
presence of the glassy spheres results in a very complex pattern
of free energy barriers that can be modified irreversibly by an
imposed deformation. This may result in plastic deformation,
as well as hysteresis in internal properties such as the free
energy, during an imposed deformation cycle. We propose a
model for describing such elastic and plastic properties of
thermoplastic elastomers. The scale of interest here is larger
than the distance between cross-links or entanglements usually
considered in gels or rubbers. It is typically on the order of 10
nm, which corresponds to the diameter of the glassy beads. The
purpose of this work is to describe the mesoscale behavior of
such a system when submitted to imposed deformations. We
study both static and dynamical properties by dissipative particle
dynamics. We aim at characterizing the onset of nonlinear
behavior and plasticity in relation to the disordered nature of
the microscopic deformations. Our approach should also be of
interest for describing elastic and plastic properties of filled
elastomers in the high-temperature regime. In filled elastomers,
the presence of filler particles introduces additional issues. An
important feature is the shift of the glass-transition temperature
induced by the presence of the fillers. Indeed, it has long been
proposed that the polymer matrix in the vicinity of the filler is

glassy.60-64 More recently, Montes, Lequeux, and co-workers
have shown that this glassy layer plays an essential role in the
reinforcement mechanism.65-67 On the other hand, at a relatively
high temperature, the glassy layer is too thin to play an important
role, and the reinforcement is prominently due to the steric
effects of the fillers.65-67 Our work here could be applied for
describing elastic and plastic properties of such systems.

Given the very wide spatial and temporal scales involved in
the physics of thermoplastic and/or filled elastomers, it is a
daunting if not impossible task to address all the issues
mentioned above in a single picture. Depending on the issues
of interest, one must primarily focus on some particular aspect
of the physics of these systems.

Among recent related works, the finite element mapping with
spring network representations by Gusev has to be mentioned.68

This model is suitable to describe elastically inhomogeneous
materials. However, the dynamical behavior and large deforma-
tions have not been investigated within this framework. DiDonna
and Lubensky49 have also shown that deformations are nonaffine
in random elastic networks. Their study was performed by
minimizing a free energy function and is thus inadequate for
studying large, irreversible deformations such as those discussed
here. More specifically, regarding filled elastomers, Starr and
Glotzer have developed an approach based on molecular
dynamic simulations for describing reinforcement properties of
filled elastomers.69 However, their approach is based on
simulations down to the molecular scale and cannot reach both
the space and time scales of interest here.

The paper is organized as follows. In Section 2, we describe
the basic features of our model. In Section 3, we introduce basic
definitions of physical quantities and show how the dynamics
of our system is solved by numerical simulations. In Section 4,
we consider first the linear regime of deformation and the onset
of the nonlinear regime (Section 4A). Then (Section 4B), we
characterize the nonaffinity of the displacements at large
deformation amplitudes as a function of various parameters such
as the filler volume fraction, the stiffness of the rubber matrix,
and the amplitude of the deformation. In Section 4C, we describe
the plastic properties of our systems, which we relate to
microscopic instabilities (buckling) in Section 4D.

2. Description of the Model

The basic ingredients we want to implement in the simulated
system are permanent elasticity, disorder, and excluded volume
effects. The model is depicted in Figure 1. The dispersion of
glassy or hard beads is represented by hard spheres of diameter

Figure 1. (a) Schematics of the model. For clarity, only a fraction of the springs have been drawn. Filler particles are connected by elastic springs
and interact via a hard-core potential at short distances. The corresponding hard-core force is plotted in (b) as a function of the reduced distance
r* ) r/d, whered is the particle diameter.
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d randomly distributed in space. The hard sphere potential is
described by:

wherer* ) r/d is the reduced dimensionless distance between
particles. Though we will keep it in our notations,d should be
considered to be the length scale of the problem and takes the
value 1. The parameterε* ) 1 determines the energy scale in
the system. The forceFhs cancels at a cutoff distancercut ) 2.
At this distance,Fhs is already much smaller thanε*. The force
Fhs is limited to Fhs

max at short distances to prevent numerical
instabilities in the initial step of the simulations, in which the
centers of two particles may be very close. The constantH is
chosen to ensure the continuity of the potential. The forceFhs-
(r*) rises very sharply atr* of the order one. For instance, it is
already of the order 20 (in units ofε*) for r* ≈ 0.96. This
means that it is indeed quite realistic to considerd as the particle
diameter.

To model the effect of the disordered rubbery matrix, the
particle centers are connected to their closest neighbors by an
average numbern of harmonic springs. The corresponding
elastic interaction potential is given by:

wherek* ) kd2l02/ε* is the reduced spring stiffness (in units of
ε*) and l 0

/ is the reduced equilibrium length of the springs (in
units of d). Thus, the particles interact both with a hard-core
repulsion and elastic springs.

Periodic boundary conditions are used in order to simulate
bulklike behavior. To prepare the system,N particles are
dispersed at random in a box of volumeV ) L3, such that the
volume fraction takes the chosen valueΦ. The box volumeV
is kept constant throughout the simulations. For an average
number of connections per particlen, the total number of springs
in the system isNn/2 (one spring contributes to two connec-
tions). TheNn/2 closest particle pairs are connected by springs.
The length l 0

/ is set equal to the average distance between
neighboring sites on an ordered simple cubic lattice, that is,l0
) (1/n)(6 + (n - 6)x2)a (for 6 < n < 18), wherea is the
lattice parameter corresponding to the volume fractionΦ, given
by a3 ) π/6Φ. This value for l0 is quite arbitrary, but the
properties of the systems that will be investigated do not depend
on this particular choice. Thus, the parameters that are relevant
for describing our samples are the volume fractionΦ of the
solid particles and the degree of connectivityn.

We assume that the degrees of freedom, which are the centers
of mass of the hard spheres, move relative to each other with a
friction coefficientú. The hydrodynamic friction is computed
within a mean field approximation:

whereú* ) êd2/ε* ) 1 is the reduced friction coefficient, which
has the dimension of time and thus sets the time scale in the
system.Vb* is the reduced velocity of a particle, and〈Vb* 〉 the
average reduced velocity of the surrounding particles (reduced
velocities have the dimension of an inverse time). To save
computational time, the hydrodynamic friction is computed with

respect to the average affine deformation rate rather than to the
actual motion of the particle surrounding.

In this system, the disorder is introduced by the dispersion
of the connectivity number around the average value, and also
by the fact that spheres are connected not only to closest
neighbors, but also to some other spheres beyond the first
neighboring shell. This results in a distribution of distancesr*,
and thus in a distribution of elastic forces. An example of a
histogram of connectivity is given in Figure 2. This kind of
elastic disorder is sufficient for ensuring that the dispersion of
the spheres is disordered at equilibrium (see Figure 3).
Equivalently, one may consider that all spheres have the same
numbermof springs but that the elastic constant takes randomly
a value 0 or 1. A generalization of this model could be obtained
by allowing the elastic spring constants to follow any continuous
distribution. The model system considered here includes po-
tentials that depend on the distances between particles only,
without bending energies. Because we aim at representing
systems with a strong elastic behavior (i.e., far from being
floppy), we shall only consider relatively large values of the
connectivityn.43-46 Our simulations show that, without hard
sphere inclusions (Φ ) 0), values ofn larger than 8 lead to

Vhs(r*) ) [Fhs
maxr* + H (r* < rmin)

ε* r*-12 (rmin < r* < rcut)

0 (rcut < r*) ] (1)

Vel(r*) ) k*
2 ( r*

l/0

- 1)2
(2)

FBHydro ) - ú*( Vb* - 〈Vb* 〉) (3)

Figure 2. One main source of disorder in the system is the distribution
of connectivities, i.e., the number of springs connected to each particle.
N(i) is the number of sites with a connectivityi in systems withN )
104 particles: (]) average connectivityn ) 8.5; (O) n ) 12.

Figure 3. Distribution of bond (spring) lengths in the initial, equilib-
rium state: plain curve:Φ ) 0.40,n ) 12; (4) Φ ) 0.20,n ) 12; (3)
Φ ) 0.20,n ) 8.5. The dotted curve is the distribution in the system
Φ ) 0.40, n ) 12, at a shear deformation of amplitudeγmax ) 2.0,
which shows that the system does not crystallize under shear. The
probability densities for a given bond to have a lengthri are plotted
here, with a resolution∆r ) 0.005.
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samples with a shear modulus of order one, corresponding
thereby to the regime of interest here. Let us emphasize again
that the elastic springs in our model represent the elastic
interaction between hard beads due to the elasticity of the
rubbery matrix as a whole, not the actual number of polymer
strands between them, because we consider the system at the
scale of the distance between glassy beads, which is larger than
distances between cross-links and/or entanglements.

3. Solving the Model

In this section, we introduce basic concepts and definitions
regarding the physical quantities of interest. We describe how
the dynamics is solved and how various quantities, such as shear
moduli or plastic behavior, are computed.

3A. Dissipative Particle Dynamics.At the considered spatial
scales and frequencies, the equations of the dissipative molecular
dynamics are noninertial.70 They include a source of dissipation
in the form of a hydrodynamic friction term. At the scale of
the fillers, thermal noise is negligible. The equation of motion
for particle i is thus:

which gives the velocities at timet as a function of the positions
rbi, within the mean field approximation (see eq 3):

The positions and velocities are computed every time interval
dt. The equations of motion are solved using the modified
midpoint method (MMM).71 dt is subdivided inp time intervals
ddt (such thatdt ) pddt). The velocities and new positions of
all particles are computed at each time stepddt, while the
velocities are considered to be physically significant at the end
of the dt time interval only. In the simulations, the time scale
is fixed by the value of the reduced friction coefficientú* ) 1.
This time scale corresponds to the typical relaxation time of a
particle. The relaxation times measured in the system should
thus be compared to this time scale. Unless explicitly specified,
times will be expressed in units ofú*, denoted “sec”. In real
systems, the elementary time scale is determined by the rubber
matrix behavior. Note that real rubbers often do not exhibit
exponential relaxation but display slower relaxations often
described as power laws, especially when they are loosely cross-
linked.32,72 We assume that the rubber matrix corresponds to
an ideal highly cross-linked rubber, which might well be
described by a single relaxation time corresponding to the so-
called Rouse relaxation time.32,70

3B. Deformation of an Isotropic Solid. Virial Stress
Formulation.In an elastic isotropic body and for small deforma-
tions, the stress tensorσRâ is related to the strain tensoruij by
the constitutive equation:

where summation of elements with repeated indices is implicit.
K is the bulk (compression) modulus andµ the shear modulus.73

Consider a box of volumeV* containingN particles. The stress
tensor is related to the forces exerted on the particles by the
Kramers Kirkwood formula, which provides a microscopic
expression for the stress tensor:70

whereFR
i is theR component of the sum of the forces exerted

on particlei by other particlesin the considered sampleandRâ
i

is theâ-component of the position of particlei. The stress tensor
is symmetric by construction. Periodic boundary conditions in
the simulation box ensures that:

Also, the periodic boundary conditions and the fact that we
consider only central forces ensure that the total torque applied
on the sample cancels (see Appendix, Part A):

3C. Preparation of the System.The purpose of the prepara-
tion steps is to obtain an equilibrated sample in which the total
force acting on each particle is zero and the stress tensor is
isotropic. Immediately after the particles have been randomly
distributed, none of these conditions is satisfied. For instance,
many of the filler particles overlap, and they are thus submitted
to strong, not equilibrated repulsive forces. We must therefore
let the sample equilibrate by first canceling the forces (or
velocities) on each particle, and then canceling the nonisotropic
part of the stress tensor.

1. First Initialization Step.This first step consists of canceling
the particle velocities or, equivalently, the potential forces
exerted on each particle. The box shape is maintained constant
throughout this relaxation step. The time resolutionddt chosen
to solve the equations of motion must obeyVddt , r0, whereV
is the particle velocity andr0 the typical interparticle distance.
The initial velocity may be of the order 10-100, which imposes
ddt ≈ 10-4 with r0 ∼ 0.1. We have chosendt ) 10-3 andp )
10 typically, which givesddt ) dt/p ) 10-4. In this step, the
system is relaxed typically during 0.2-0.4 time units (sec),
which corresponds to 200-400dt steps. At the end of this first
step, the average velocity is not rigorously zero, but has dropped
to a value of the order unity at most.

2. Second Initialization Step.In an infinite system, the stress
tensorσ immediately after the particles have been distributed
randomly should be isotropic:

whereP is the pressure andId the identity tensor. In a finite
simulation box,σRâ is of the form

where the nonisotropic partσ̃Râ (deviatoric stress tensor) is a
traceless tensor. One can show (see Appendix, Part B) that the
deviatoric stress tensor elementsσ̃Râ scale likeN-1/3 after the
particles have been randomly distributed, and at the end of the
first relaxation step as well. Therefore, in a sample of 104

particles, this tensor is of order 0.1 and cannot be neglected as
compared to the pressure, which is of order 1.

Thus, to obtain a reference state with isotropic stress tensor,
the sample must be deformed so as to cancel the deviatoric of
the stress tensorσ̃. It is important to notice that the elements
σ̃Râ must be canceled with a high degree of precision (typically
better than 10-5), so that the mechanical response (such as the
shear modulus) can be measured with a good accuracy. Note

FBel
i + FBhs

i + FBHydro
i ) 0 (4)

Vbi ) 〈Vb〉 + 1
ú
[FBel

i + FBhs
i ] (5)

σRâ ) KδRâull + 2µ(uRâ - 1
3
δRâull) (6)

σRâ ) -
1

V*
∑

i

FR
i Râ

i (7)

∑
i

FR
i ) 0 (8)

TB )∑
i

RBi ∧ FBi ) 0 (9)

σ ) -PId (10)

σ ) - PId + σ̃ (11)
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also that all deformations are performed at constant volume in
order to model the behavior of real rubbers, whose bulk modulus
is very large compared to the shear modulus. To cancelσ̃, the
following iterative deformation process is used. At a given step
t, a small deformation tensorId + dΓ is applied so that the new
deformation tensor at timet + dt becomes

The infinitesimal deformationdΓ is defined by

with σ̃Râ ) σRâ + PδRâ, where the pressureP is computed as
P ) -Tr σ/3. After applying the deformationId + dΓ, the
system relaxes during a time interval∆t. The stress is then
measured and the process iterated.C is a positive number whose
value must be chosen to ensure that the spheres do not overlap
too much during each relaxation step described by eq 12 and
also has to be optimized so that the simulation of the relaxation
is as fast as possible. This procedure is iterated until all
components ofσ̃Râ are zero to the prescribed precision. Before
starting the proper numerical experiments, the samples are
submitted to a few (typically 6-10) high-amplitude elongation
cycles (up toλ ) L/L0 ) 2 typically) in order to remove internal
instabilities (bucklings), thereby reducing the dispersion in the
results. Finally, after performing these preliminary cycles, the
second step (iterative deformation process) is performed again
to cancel the residual stress, until the nonisotropic elements of
the stress are smaller than 10-5 typically.

3D. The Shear Experiment.After obtaining an equilibrated
system along the lines described above, various experiments
may be performed. The shear experiments may be performed
at any time-dependent rate. An oscillatory shear may be applied
at various amplitudes and frequencies (Section 4A). The main
results presented in this paper (Section 4B-D) concern shear
cycles which are performed in the following way. The system
is first sheared up to a maximum shear valueγmax at a constant
shear rateγ̆ (state (I) in Figure 4). This is achieved by applying
successive small shear stepsdγ described by the deformation
tensor (see Figure 4):

At each elementary stepdγ, the system is first affinely deformed
and then relaxes during a time interval∆t, such that the shear
rate γ̆ ) dγ/∆t. After reachingγmax, we let the system come
back to a new equilibrium state at isotropic stress (state (II) in
Figure 4), thus achieving a large-amplitude shear cycle. The
way back to equilibrium is achieved with the same procedure
as in the second initialization step, described in Section 3C. To
relax the applied stress, small iterative deformations of the form
dΓRâ ) - Cσ̃Râ with σ̃Râ ) σRâ - PδRâ are applied. At each
relaxation step, a small rotation must be applied to preserve
the pure shear symmetry of the strain tensor. This will be
described in more detail in Section 4C. Alternatively, we may
also let the stress relax as a function of time while maintaining
the system at the imposed shear deformationγmax.50

3E. Simulation Times.All the results presented here have
been obtained with systems which containN ) 104 particles.
That corresponds to a simulation box of about 21× 21 × 21
particles, that is, a box volume 24.2× 24.2× 24.2 (for Φ )

0.37) to 29.7× 29.7× 29.7 (forΦ ) 0.20). This size has been
chosen to obtain reasonable simulation times. For this size, the
performance of the machine corresponds roughly to 25-40 s
(in terms of system unit time) per 1 h computer time (depending
on the connectivityn). The duration of the simulations depends
on the time (in sec) over which the system is studied, or more
precisely on the number of time stepsdt, which is typicallydt
) 0.02. To achieve a high amplitude shear cycle, the following
steps must be performed: velocity and stress relaxation (3000
dt steps typically), initial elongation cycles (15 000dt steps),
stress relaxation (60 000dt steps), shearing up toγmax ≈ 2 at γ̆
) 0.1 (1000dt steps), relaxation to zero stress (up to 50 000dt
steps), or alternatively long time relaxation of the stress at
constantγmax (up to 50 000dt steps). Oscillatory measurements
at low frequencies are also time-consuming. Thus, each shear
cycle performed on a new system typically corresponds to
120 000-130 000 stepsdt, or equivalently 2400 s in terms of
system unit time (sec). The simulations have been performed
on a cluster of four XEON biprocessor machines operating at
2.4 GHz. This gives an overall duration of the whole experiment
of the order of 60-100 hours computer time. On the other hand,
performing an experiment (stress relaxation under large-
amplitude shear, for example) on a system already prepared
corresponds to about 30 computer time hours. The results of
about 30 different systems (4 values of the connectivityn and
8 values of the volume fractionΦ) are presented here. In each
system, the relaxation back to zero shear was studied for
typically 6-8 values of the shear amplitudeγmax, from 0.02 to
2.4. Typically, two samples of each systems have been gener-
ated. All together, this corresponds roughly to 2× 104 hours
computer time.

4. Results and Discussion
The results presented here are mainly focused on the

description of the plastic properties of the systems and on the
way they are related to the disordered nature of the microscopic
motions of the hard inclusions. Thus, we will study two main
aspects: the nonaffinity of the microscopic displacements and
the residual deformation of the samples after the external stress
has been suppressed and the system has relaxed for a long time.
The main parameters that we consider are the volume fraction
Φ, which has been varied between 0.20 and 0.42, and the
connectivity n (n ) 8.5 to n ) 12) which is related to the
stiffness of the rubbery matrix. First, we characterize the linear
regime of deformation and the onset of the nonlinear behavior.

4A. Complex Shear Modulus. Onset of the Nonlinear
Regime.The dynamical response of the systems, that is, the
frequency-dependent complex modulus, has been measured for
various strain amplitudes. An oscillatory shear strain of the form
γ(t) ) γ0 sin ωt is applied, starting fromt ) 0, with an integer
number of strain increments per period (from 8 to 256 depending
on the amplitudeγ0), and the stressσxy(t) is measured. After a
time 25-50 s, a permanent regime is observed. Both the strain
and stress are Fourier transformed over an integer number of
periods (from 1 to 64 according to the frequency), and the
complex modulusG′(ω) (respectivelyG′′(ω)) is obtained as the
ratio of the in-phase (respectively out-of-phase) Fourier com-
ponent of the stress to the Fourier component of the strain at
frequencyω. Note that the shear modulusµ defined in eq 6 is
related to the frequency-dependent complex modulusG(ω) )
G′(ω) + iG′′(ω) by the relationµ ) G′(ω ) 0).32,70 Figure 5
shows the oscillatory shear modulusG′ measured at an
amplitudeγ ≈ 0.03 and frequencyω/2π ) 0.625 s-1, as a
function of the volume fractionΦ for different values of the
connectivityn. This graph illustrates the reinforcement mech-

Γ(t + dt) )
(Id + dΓ)Γ(t)

[det(Id + dΓ)]1/3
(12)

Id + dΓ ) Id - Cσ̃ (13)

Id + dΓ ) [1 dγ 0
0 1 0
0 0 1] (14)
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anism due to an increasing fraction of hard inclusions. These
results may be compared, e.g., to those in refs 65 and 66, in
which the shear moduli were measured in poly(ethylacrylate)
matrixes filled with silica particles as a function of the
frequency, temperature, and particle volume fraction. In the
high-temperature regime (T J Tg + 100 K typically), at a given
(low) frequency, it was found that the modulus increases by a
factor of about 4 as the volume fraction increases from about
8% to about 20%. Thus, the results presented in Figure 5 may
be considered to be in qualitative agreement with these
observations. On increasing the amplitude of the deformation,
a decrease of the modulusG′ is observed.50 The amplitudeγ ≈
0.03 can be considered as the onset of the nonlinear regime.

4B. Nonaffine Displacements.As mentioned above, most
rheological models assume that the deformations are affine down
to the molecular scale.32,33,70 Whereas this assumption has
provided a useful way of describing, e.g., polymer melt
dynamics, it has proven wrong and misleading in the case of
systems with frozen disorder, such as gels or rubbers. We aim
here at quantifying the nonaffine part of the displacements, down
to the scale of the filler particles. To quantify the deviation with
respect to affine deformation, we proceed as follows. The
displacements of all particles are computed with respect to the
initial equilibrium state obtained after the full preparation process
(reference state (0)), characterized by the deformation tensor

Γ(0) ) Id. In the initial state (0), the particlei is located at position
RBi(0). A second state (I) is obtained, for instance, after the system
has been deformed up to a deformation state described by the
tensorΓ(I). At a given time, the position of particlei in state (I)
is RB′i(I). This position can be associated to the positionRBi

(I) in
the reference system, defined byRB′i(I) ) Γ(I)RBi

(I). Thus, the
nonaffine displacement of particlei considered in the reference
system (0) is

This is illustrated in Figure 4. Then the nonaffinity may be
quantified by the histograms of the coordinates of the nonaffine
displacements∆RBi, or of the modulus of this vector. Correlation
functions for the nonaffine part of the displacement may also
be defined as

whereR,â ) x, y, z and the average is done over all particle
pairs (i, j) with an interparticle vectorrb. It may be shown (see
Appendix, Part C) that, for small deformations and at fixedrb,
the correlation functions should be proportional toγ2, whereγ
is the amplitude of the deformation. In the shear deformations
performed here, there is no symmetry argument to obtain
isotropic correlation functions, i.e., depending only on the
modulusr of the interparticle vectorrb. However, deviations from
isotropic averaging are difficult to observe in practice and the
correlation functions presented here are obtained by performing
isotropic averaging onr.

Because we are interested in the reversibility of the macro-
scopic and microscopic states of the system in a large amplitude
shear cycle, we compute here the nonaffine displacements after
a cycle in which the system has relaxed to zero stress for a
long time after shearing to a large amplitude (this is state (II)
in Figure 4). The results are plotted in Figure 6. It is observed
thatgyy(r) andgxx(r) are nearly identical. This could be expected
because, in the limit of small deformations, the deformation
fields along bothx andy directions are equivalent within a rigid
rotation, which leaves the correlation functions unchanged. This
large deformation behavior is thus reminiscent of the small

Figure 4. Schematics illustrating the symmetry of the applied shear.
In the reference state (0), the strain tensor isΓ(0) ) Id and the anisotropic
part of the stress tensor isσ̃ ) 0. The applied shear is characterized by
the nonzero elementγxy. In state (II), the system has returned to zero
anisotropic stress and relaxed for a long time. The definition of the
nonaffine displacement vectors in state (II), referred to the initial
undeformed state, is schematized as well.

Figure 5. Oscillatory shear modulus, measured at an amplitudeγ )
0.03 and frequencyω/2π ) 0.625 s-1 as a function of the volume
fractionΦ, for different values of the connectivity: (9) n ) 10; (() n
) 9; (b) n ) 8.5; (2) n ) 12. The shear modulus is measured by
Fourier transforming the strain and stress over 32 periods after waiting
8 periods after the beginning of the shear.

Figure 6. Correlation function of nonaffine displacements after a cycle
of large amplitude shear in the systemn ) 10, Φ ) 0.37. r is the
distance between correlated particles, the correlation function is
averaged isotropically onr. (4) gyy(r); (+) gxx(r); (]) gzz(r); (0) gxy(r).
n ) 8.5, Φ ) 0.35, γ̆ ) 0.1, γmax ) 1.88.

∆RBi ) RBi
(I) - RBi

(0) (15)

gRâ( rb) ) 〈∆RiR∆Rjâ〉 (16)
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deformation behavior. On the other hand, although still com-
parable,gzz(r) is significantly smaller thangyy(r) andgxx(r). Then,
although much smaller than the other components,gxy(r) is
nonzero. This is a finite size effect because this function should
be identically zero in a macroscopic system for symmetry
reasons. The amplitude measured forgxy(r) is of order 0.1, which
illustrates theN-1/3 scaling of the fluctuations for the stress
values discussed above (see Appendix, Part B).

The value ofgyy(0) is plotted in Figure 7 as a function of the
volume fraction of hard inclusionsΦ, for various values of the
connectivityn, for a macroscopic deformation of amplitudeγmax

) 2.0.gyy(0), tends to increase up toΦ ≈ 0.3 and then stabilize
or decrease. Another feature is that this quantity is a decreasing
function of the parametern: it is smaller for more strongly
connected systems, i.e., for less-disordered systems. Specifically,
a strongly connected system (n ) 12) displays a much smaller
nonaffine amplitude, especially for volume fractionsΦ smaller
than 0.3-0.35. A qualitative picture of the particle displacements
may be drawn as follows. A loosely connected network favors
a disordered, i.e., nonaffine response of the system, and thus a
large value ofg(0). The role of the filler particle is less
straightforward. On one hand, the filler-excluded volume creates
free energy barriers that might tend to favor affinity by a caging-
like effect (mechanism (I)). On the other hand, once a free
energy barrier has been crossed under the action of the imposed
deformation, it may be very difficult for the system to drop
back in its initial relative position (mechanism (II)). This second
mechanism tends to favor the nonaffine nature of the micro-
scopic displacements. The behavior observed in Figure 7 results
from these two competing mechanisms. From the results in
Figure 7, we deduce that mechanism (II) is dominant at low
filler volume fraction in the case of disordered (i.e., loosely
connected) systems, whereas mechanism (I) dominates at a
larger filler volume fraction. Specifically, this is the case for
the n ) 8.5 samples. On the other hand, for a much more
strongly connected system (n ) 12), mechanism (II) becomes
more dominant on increasing the filler volume fraction, at least
up to Φ ) 0.42. Note that the value above which the fillers
favor affinity may depend on the amplitude of the applied
deformation.

4C. Elastic and Plastic Regimes.We consider here the
ability of the system to recover its initial macroscopic shape
after deformation. Because the phase space of the relevant
degrees of freedom is very complex, with large free energy

barriers, there is indeed no reason the system should actually
recover its initial microscopic and macroscopic states. The
possible residual strain at long times after an applied stress has
been removed corresponds to plastic deformation. On the other
hand, we expect that, for small deformations, the initial state
of the system, both macroscopically and microscopically, is
recovered once the external constraint is suppressed. This
corresponds to the elastic regime. We aim at characterizing both
the elastic and plastic regimes here. For this purpose, shear
cycles are applied according to the procedure described above
(Section 3D). The systems are first sheared at constantγ̆ (γ̆ )
0.1 typically) up to various maximum shearγmax and then
relaxed to zero shear stress according to the iterative procedure
described in Section 3D. During the relaxation process, the
applied deformation tensor is of the form (see eq 12)

with dγ1 ) -Cσxy. The quantitiesε are proportional toN-1/3dγ1

and are much smaller than the other tensor elements. The fact
that these elements are not zero is a finite size effect, directly
related to the fact that correlation functions such asgxz do not
cancel by symmetry as they would in a macroscopic system.
The diagonal elementsλi differ from 1 by a quantity of orderε
as well. To preserve the pure shear symmetry of the deformation
tensorΓ (cf. eq 14), a subsequent infinitesimal rotation must
be applied at each time step, because the stress tensor is
symmetric by construction:σxy ) σyx. This rotation is defined
by the tensor

with cosθ ) λ1/xλ1
2+dγ1

2 and sinθ ) dγ1/xxλ1
2+dγ1

2, so
that the resulting deformation tensorΓ retains at any time the
symmetry of a simple shear (eq 14) within small tensor elements
of orderN-1/3γ, whereγ is the shear amplitude:

Two criteria have to be satisfied at the end of the way back to
equilibrium: the stress tensor must be isotropic, and the total
duration must be longer than the relaxation time of the system.
The nonisotropic stress elements are canceled with a precision
better than 10-4, and the total duration of equilibration consists
of at least 1000 deformations of duration 30 time stepsdt )
0.02 s, that is, at least 600 elementary time units (sec). This is
significantly longer than the relaxation time of the stress, which
is typically a few tens of sec in these systems.50

We first consider the case of small deformations. After
applying deformations of amplitude smaller or equal to 0.15,
we allow the anisotropic part of the stress to relax to zero
(according to the procedure described above). During the stress
relaxation process, the relaxations of all elements of the
deformation tensorΓ (actually the elements of the tensorΓ -
Id) are monitored as a function of time. An example of such
relaxations is given in Figure 8 forγmax ) 0.15. At t ) 0, all
tensor elements are zero exceptγxy, becauseΓ then corresponds
to the imposed shear deformation given by eq 14. During
relaxation,γxy relaxes toward a small value of order 10-3,

Figure 7. Amplitude gyy(0) of the correlation function of nonaffine
displacements after a shear cycle of amplitudeγmax ) 2.0, as a function
of the volume fractionΦ for different value of the connectivityn:
(crossed square)n ) 8.5, (x) n ) 9, (]) n ) 10; (4) n ) 12.

(Id + dΓ)

[det(Id + dΓ)]1/3
) [γ1 dγ1 ε

dγ1 γ2 ε

ε ε γ3
] (17)

R ) [cosθ sin θ 0
-sin θ cosθ 0
0 0 1] (18)

Γ ) [λ1 γ ε

0 λ2 ε

ε ε λ3
] (19)
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whereas all other elements relax to a final value of order 10-4

after first increasing somehow. The relaxation of the shear stress
may also be monitored as a function ofγxy. Strain-stress shear
cycles are plotted in Figure 9 for various maximum amplitudes
smaller than 0.15. Within the interval 0.025< γmax < 0.15, the
final value of γxy does not depend on the amplitude of
deformationγmax. This nonzero, albeit very small, value is
probably due to some instabilities within the sample that have
not been entirely removed by the second preparation step. On
the other hand, once this instability has been suppressed by the
shear deformation, the system retains a reference state that does
not depend on the applied deformation, up toγmax of the order
15%. In any case, the final values of the deformation tensor
are more than 2 orders of magnitude smaller than the initial
deformation so that we can consider that the sample recovers
its initial shape. This corresponds to the elastic regime.

Stress/strain shear cycles of large amplitude are plotted in
Figure 10 for various maximum deformationsγmax. The zoom
in the inset in Figure 10 clearly shows that some residual shear

deformationf (plasticity) remains after relaxation and that it
depends in a sensitive way on the amplitudeγmax. This
corresponds to the plastic regime. As mentioned above, the
system is allowed to relax for several hundreds of seconds, and
it is indeed observed that the shear stress cancels (to a precision
of the order 10-4), while the residual deformation remains
roughly constant, after a few hundred seconds. This means that
the system has reached a macroscopic (mechanical) steady state,
which however does not necessarily correspond to a true
thermodynamic equilibrium.

The residual strainf (plasticity) is plotted as a function of
the maximum strainγmax in Figure 11 for systems with various
volume fractionsΦ and connectivitiesn. The inset in Figure
11 shows that the variation off as a function ofγmax is not
linear. Specifically, there is no measurable residual deformation
for maximum strain valuesγmax smaller than 0.15. The onset
of plasticity seems to vary from, roughly, 0.10 to 0.20 according
to the system. Note that this is significantlylarger than the onset
of the nonlinear regime in the mechanical response, which is
estimated to be of the order 0.03, as mentioned in Section 4A.

Figure 8. Relaxation of the tensor elementγxy, as well as the other
elements of the deformation tensor as a function of time (same system
as in figure 9). All these elements relax to zero, within 10-3 as far as
γxy is concerned, and less than a few 10-4 for the other tensorial
elements. This corresponds to the elastic regime.

Figure 9. Shear cycles of varying, small amplitudes: the system is
sheared atγ̆ ) 0.1 up toγmax and then the anisotropic stress relaxes to
zero for at least 600 s. For deformations of amplitude smaller than
0.15 as shown here, the system (Φ ) 0.35,n ) 8.5) relaxes toward its
initial shape in a finite time.

Figure 10. Stress-strain cycle in the systemn ) 8.5,Φ ) 0.35. The
system is sheared at a shear rateγ̆ ) 0.1 to various values of the
maximum stressγmax and then relaxed to zero stress in the iterative,
quasistatic procedure described in the text. Inset: zoom of the return
curves at low stress values to show the residual strain.

Figure 11. Residual deformationf (plasticity) at the end of the way
back to equilibrium as a function of the maximum strainγmax in various
systems: (]) Φ ) 0.20,n ) 12; (+) Φ ) 0.325,n ) 12; (3) Φ )
0.40,n ) 12; (0) Φ ) 0.35,n ) 8.5; (O) Φ ) 0.375,n ) 10; (4) Φ
) 0.375,n ) 9. The inset is a zoom of the curves at small deformations
to emphasize the onset of the plastic regime.

Macromolecules, Vol. 39, No. 18, 2006 Behavior of Soft Thermoplastic and Filled Elastomers6289

CDV



Beyond the onset of plasticity, the residual deformation increases
roughly linearly with the amplitude of deformationγmax. In the
range of n and Φ investigated here, all systems exhibit
qualitatively the same relationship betweenγmaxand the residual
deformationf. Several features may be emphasized. In strongly
connected systems (i.e., forn ) 12), the plastic deformationf
increases asΦ increases: for a deformation amplitudeγmax )
2.0, it varies from 0.05 (atΦ ) 0.20) to 0.4 (atΦ ) 0.40). The
residual strainf (plasticity) is plotted as a function of the volume
fractionΦ in Figure 12 for different values of the connectivity
n and for an amplitudeγmax ) 2.0. The results in Figure 12
show in particular that a strong network, i.e., a high value of
the connectivityn, tends to reduce the plasticity of the system.
On the other hand, the presence of the fillers tends to favor the
plastic behavior, at least for the large shear deformations
considered here. The case of the systems withn ) 12 is
particularly striking. At filler volume fractions smaller than 0.30,
the plastic deformation is much smaller than in the more
disordered, or loosely connected systems. However, at larger
filler volume fraction, the plasticity is comparable to that
measured in other systems. This result has to be compared with
that in Figure 7 regarding the dependence onΦ of the
nonaffinity gyy(0). Both quantities show a qualitatively similar
behavior.

4D. Local Reorganizations and Bucklings.In this section,
we shall characterize local reorganizations in a way comple-
mentary to nonaffine displacements studied in Section 4B by
defining local topological changes that we call bucklings, as
illustrated in Figure 13a. Bucklings are defined in the following
way. In the reference state (I), consider a sitei at positionRBi

and the ensemble of all its neighbors, connected by an elastic
spring toi. For three sitesj, k, l (j * l * k), which belong to
the ensemble of neighbors toi, a tetrahedron is defined by the
set of three vectorsRBij ) RBj - RBi, RBik ) RBk - RBi, RBil ) RBl - RBi

(see Figure 13a). The determinant∆(I) of the matrix constructed
with the three vectors gives the volume of the tetrahedron. Sites
j, k, l may always be ordered such that∆(I) is positive. In a
subsequent state (II), the determinant∆(II) may become negative
as sitei has crossed the plane containing the sitesj, k, l, as
schematized in Figure 13a. Sitei has thus jumped to a new
position with a different local environment. We call buckling
such a local topological inversion. To compare the determinant
values in various states described by different deformation
tensors, the determinants are computed using the particle
positionsRBi(0) taken in the reference state (see Figure 4), which

is described by a unity deformation tensor. Actual bucklings
correspond to jumping to a new position separated from the
initial one by some energy barrier. We thus consider bucklings
as jumps from afinite, positive threshold value+ε, to a finite,
negative value-ε. Histograms of the determinant values during
a large amplitude shear deformation of a system are shown in
Figure 14. In the initial, undeformed state, which is taken as
reference, all determinants are chosen to be positive. In the
subsequent, deformed states, a fraction of the determinants
become negative, which indicates the presence of local rear-
rangements. As seen from the histograms shown in Figure 14,
the value of this thresholdε may be chosen of the order 0.2-
1.0 typically.

Considering the process of buckling, the two different
relaxation mechanisms (I) and (II) related to the presence of

Figure 12. Residual deformationf as a function of the volume fraction
Φ for different values of the connectivityn: (0) n ) 8.5; (O) n ) 9;
(]) n ) 10; (4) n ) 12. All points are obtained with a valueγmax )
2.0.

Figure 13. (a) Schematics illustrating a local buckling of sitei. In
state (I), the determinant constructed on the three vectorsRBij, RBik, RBil is
positive. It becomes negative in state (II ) as sitei falls in a new position
of local equilibrium, crossing the plane containing the sitesj, k, l. (b)
Dynamics of buckling of a given tetrahedron. As indicated, one
inversion is counted each time the value of the determinant has crossed
the gap interval [-ε, +ε].

Figure 14. Histograms of the values∆ of the determinants, as defined
in the text, in the systemn ) 12, Φ ) 0.40 sheared atγ̆ ) 0.1, at
increasing shear deformation (full curves:γ ) 0.2, 0.4, 1.0, and 2.0).
In the initial, undeformed state taken as reference (dotted curve), all
determinants are chosen to be positive. Bucklings thus correspond to
jumping from the region on the right-hand side of the thresholdε (ε )
1.0 on the graph) toward the region on the left∆ < -ε.
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filler particles may be defined more precisely: (1) Mechanism
(I). At large volume fraction, the steric hindrance due to fillers
tends to impede bucklings: fillers create energy barriers that
become more difficult to cross as the filler volume fraction
increases. We expect this mechanism to contribute to the
reduction of buckling, e.g., during an applied deformation. (2)
Mechanism (II). The same steric hindrance makes it difficult
for the system to relax back in its initial microscopic state as
the system relaxes back to zero deviatoric stress at the end of
a deformation cycle. Thus, we expect the presence of the fillers
to have contradictory effects, one which favors affine, reversible
deformations and the other one which favors nonaffine and
irreversibility. The irreversible nature of the microscopic evolu-
tion of the system will thus depends on which of these processes
dominates.

1. Bucklings during Relaxation to Zero Stress in a Shear
Cycle.In Figure 15, the fraction of bucklingsB (defined as the
ratio of the number of bucklings to the total number of
tetrahedra) is plotted as a function of time during the relaxation
to zero deviatoric stress in systems sheared up toγmax ) 2.0
for different values of the filler volume fractionΦ and a high
connectivity (n ) 12). The fraction of bucklings is referred here
to the initial, undeformed reference state. In all the systems
considered here, this fraction is close to 0.1 at deformationγmax

) 2.0 prior to stress relaxation (t ) 0), which means that the
effect ofΦ on mechanism (I) is small. When the system relaxes
to zero stress, the fraction of bucklings decreases in all systems,
with an amplitude that decreases asΦ increases. This result
indicates that the role of mechanism (II) increases asΦ
increases, at least for the volume fractions and connectivity
considered here. This result has to be compared with the fact
that plasticity is larger asΦ is large in systems withn ) 12
(see Figure 12): a large filler volume fraction prevents the
system to relax back in its initial state. Note the sharp difference
in behavior betweenΦ ) 0.30 andΦ ) 0.35, whereas below
and above these values, respectively, the systems behave quite
similarly.

The fraction of bucklingsB at the end of a shear cycle,
referred to the initial, undeformed state, is plotted as a function
of the maximum amplitudeγmax in Figure 16 for various filler
volume fractionsΦ and connectivityn ) 12. These results show
that the buckling fractionB displays a threshold, in a way quite
similar to plasticity (see Figure 11). This threshold has a similar
value of aboutγ ≈ 0.15. Here also, the buckling fraction

increases asΦ increases, which means that mechanism (II)
(returning to the initial state becomes more difficult) dominates
over mechanism (I) (buckling under deformation becomes more
difficult) as Φ increases.

In Figure 17, the fraction of bucklings at the top of a shear
cycle of amplitudeγmax ) 2.0, referred to the initial, undeformed
state, is plotted as a function of the filler volume fraction, for
three different values of the connectivityn: n ) 8.5, n ) 10,
andn ) 12. All curves are decreasing functions ofΦ, although
slightly in the more connected systems. This shows that, during
deformation, the presence of filler particles impedes the buckling
of tetrahedra. In Figure 18, the fraction of bucklings is plotted
at the end of the same shear cycles as in Figure 17 after the
same systems have relaxed back down to zero deviatoric stress.
Increasing the filler volume fraction results in a slight increase
of the buckling fractionB for the two larger values of the
connectivity, and in a decrease of the buckling fraction in the
more loosely connected, i.e., a more elastically disordered
system.

The behaviors observed in Figures 17 and 18 illustrate the
complex relaxation mechanisms in such systems. The buckling
behavior results from several mechanisms. First, elastic disorder

Figure 15. The fraction of bucklingsB (defined as the ratio of the
number of bucklings to the total number of tetrahedra) as a function of
time during the way back to zero stress in a large amplitude shear cycle.
The fraction of bucklings is computed here with respect to the initial,
undeformed reference state.γmax ) 2.0. Thresholdε ) 0.75. Con-
nectivity n ) 12. (]) Φ ) 0.20; (4) Φ ) 0.25; (3) Φ ) 0.30; (O) Φ
) 0.35; (crossed square)Φ ) 0.40.

Figure 16. Fraction of bucklingsB at the end of a shear cycle (i.e.,
after relaxation to zero deviatoric stress), referred to the initial,
undeformed state, as a function of the maximum amplitudeγmax: (])
Φ ) 0.20,n ) 12; (+) Φ ) 0.325,n ) 12; (3) Φ ) 0.40,n ) 12;
(O) Φ ) 0.37,n ) 10. Thresholdε ) 0.75.

Figure 17. Fraction of bucklingsB (referred to the initial equilibrium
state) at the top of a large amplitude shear cycle, at amplitudeγmax )
2.0, as a function of the volume fractionΦ for different values of the
connectivityn: (b) n ) 8.5; (9) n ) 10; (2) n ) 12 (same experiments
as in Figure 18). The threshold value isε ) 0.75.
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is a driving force for buckling. It is especially clear in Figure
17 when considering the case ofn ) 8.5 systems at low filler
volume fraction. Indeed, a disordered or loosely connected
elastic network favors complex reorganization when the system
tries to minimize its free energy. On the other hand, one sees
in both Figures 17 and 18 that the buckling fraction of loosely
connected systems can decrease when increasing the filler
volume fraction and becomes even smaller than that of more
strongly connected systems. Thus buckling is the result of
contradictory effects: the driving force due to the elastic disorder
of the system and the barriers associated with mechanisms (I)
and (II). Neither of these mechanisms can be considered
separately, and the overall behavior is the result of their complex
interaction.

2. Buckling Dynamics.In this section, we study the dynamics
of the local inversions during the simulations. To get a statistical
ensemble, one tetrahedron is chosen at random among the
ensemble of tetrahedra attached to each site. The value of each
tetrahedron is followed as a function of time during a given
experiment, as schematized in Figure 13b. One inversion is
counted each time the determinant value crosses the gap [-ε,
+ε]. At each time step, the number of inversions performed
from the beginning of the simulation and the time elapsed since
the last inversion are stored for each tetrahedron. To illustrate
the buckling dynamics in the system, the following experiment
has been performed. The system is submitted to an oscillatory
shear of the formγxy ) γmax sin ωt with a periodT ) 51.2 s
(pulsationω ) 2π/T ) 0.1227) and peak-to-peak amplitudes
γmax varying fromγmax ) 0.04 toγmax ) 1.63. Ten cycles are
performed. The number of inversions that occurred from the
starting point is stored every quarter period for each tetrahedron
in the representative set. Histograms of the buckling number
during shear oscillations are plotted at different timest in Figure
19. The maxima of the oscillations in the curves at timest equal
to an integer number of periods correspond toeVennumbers of
bucklings. After an integer number of periods, the deformation
tensor is Id and more tetrahedra drop back in their initial
configuration, which corresponds to an even number of jumps.
The amplitude atN ) 0 gives the number of tetrahedra that
havenot moved sincet ) 0. The fraction of bucklings referred
to the initial, undeformed system is plotted in Figure 20 for
various amplitudesγmax between 0.04 and 1.63. The number
of tetrahedra that have not moved sincet ) 0 is plotted in Figure
21. The curve does not seem to tend to a finite value at long
times. Both Figures 20 and 21 illustrate that buckling is

negligible at small deformation amplitudes: this corresponds
to the elastic regime.

It is interesting to estimate the relative number of tetrahedra
that remain trapped in a buckled configuration with respect to
the initial state at some point of their dynamics. To clarify this
point, a two-time analysis may be performed as follows. At time
t1, the subensemble of tetrahedra which have been inverted, i.e.,
which have done anoddnumber of bucklings, are selected. The
evolution of this subensemble is then followed as a function of
subsequent time and may eventually be compared to the
evolution of the full ensemble of tetrahedra. This is illustrated
in Figure 21. It appears that the subensembles that have buckled
at timet1 ) 204.8 s continue to undergomore inversions than
the whole ensemble of tetrahedra on average. This behavior is
even more pronounced at a smaller amplitude (γmax ) 0.28).
The subensemble of tetrahedra inverted at timet1 ) 204.8

Figure 18. Fraction of bucklingsB at the end of a large amplitude
shear cycle, as a function of the volume fractionΦ for different values
of the connectivityn: (b) n ) 8.5; (9) n ) 10; (2) n ) 12. The
amplitude of the cycle isγmax ) 2.0; the threshold value isε ) 0.75.

Figure 19. Probability densitiesP(n(t)/t) of the numbern of bucklings
at timet in a representative ensemble of 10 000 tetrahedra during large
amplitude shear oscillations (amplitudeγmax ) 1.63, periodT ) 51.2
s), at different timest: (O) t ) 12.8 s; (+) t ) 51.2 s; dotted curve:
t ) 102.4 s; dashed curve:t ) 204.8 s; full curve: t ) 409.8 s. The
amplitude atn/t ) 0 on each curve (divided byt) gives exactly the
fraction of tetrahedra which have not moved at the corresponding time
t. Thresholdε ) 0.75. The oscillation maxima correspond toeVen
numbers of bucklings (the distributions of buckling numbers are
considered after an integer number of periods). The data are from a
system withn ) 12 andΦ ) 0.40.

Figure 20. Fraction of bucklingsB as a function of time during
oscillatory cycles (γmax ) 1.63, periodT ) 51.2 s), in the systemΦ )
0.40, n ) 12, for various amplitudes: (O) γmax ) 1.63; (0) γmax )
0.28; (4) γmax ) 0.08; (3) γmax ) 0.04. Thresholdε ) 0.75.B is plotted
every half period, each time the system comes back to undeformed
state.
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continue to move significantly more than the full tetrahedra
ensemble. That means that part of the buckling takes place for
the more mobile tetrahedra. On the other hand, for large
deformations, Figure 21 shows also that all tetrahedra buckle
at some point because there is no indication that the curves
would relax tofinite plateau values.

3. IrreVersibility of Microscopic Deformations Due to Buck-
ling. After applying a large amplitude strain cycle, the system
exhibits a residual deformation, which depends on the amplitude
γmax of the strain. One question is to know whether this
macroscopic residual deformation may be canceled by shearing
again the system in the opposite direction with an appropriate
amplitude. This procedure is illustrated in Figure 22. The system
n ) 8.5,Φ ) 0.35 has first been sheared atγ̆ ) 0.1 up toγmax

) 2.0, then relaxed to zero deviatoric stress. From the obtained
equilibrium state, which exhibits a residual shear deformation
f, the system is then sheared at the opposite shear rateγ̆ ) -
0.1 “down” to different valuesγmax

R , and then relaxed again to
zero deviatoric stress. Two curves corresponding toγmax

R )
-1.40 and γmax

R ) -1.80 are shown in Figure 22. This
illustrates that the macroscopic deformation may be canceled
by applying a second opposite cycle at an amplitude comparable
to that of the first cycle. However, the question to know whether
the system has dropped into the same microscopic state as the
initial state remains open at this point.

Because of the complexity of the phase space, the system
does not necessarily reach a uniquely defined minimum energy
state in a finite time. To illustrate this effect of the disorder,
the average energy in the system has been computed throughout
the simulations. The contributions from the elastic springs and
the hard-core potentials may be treated separately. The average
elastic energy per spring is defined as:

whereNs is the number of springs and the sum runs over the
ensemble of springs within the simulation box. The average
excluded volume energy per particle pair is defined as:

where the sum runs over the ensemble of interacting pairs. The
total energy per particle (including both contributions) has also
been computed as:

Note that, with the given definitions,〈Etot〉 * 〈Eel〉 + 〈Ehs〉. The
evolution of the energy throughout large-amplitude stress-strain
cycles is plotted as an inset in Figure 22. Several observations
may be drawn from this graph. First, the energy state in which
the system drops after relaxation is not unique. It depends on
the mechanical history of the system, namely here on the
maximum shearγmax. Second, the system drops in a state of
lower energy after shearing at large amplitude. The tendency
to decrease the energy is observed for both individual contribu-
tions (average elastic energy and average excluded volume
energy). Note that this drop in energy is possible because our
sample is relatively “young”. But we emphasize that, even after
the third preparation step, the internal energy of the sample can
decrease as a consequence of the very complicated phase space
available to the filler particles.

To illustrate further the hysteretic behavior of such systems
at large imposed deformations, we consider the variance〈∆R2〉,
which characterizes the nonaffinity of the microscopic displace-
ments at the scale of the filler particles. This quantity is obtained
by taking the second moment of the histogramsP(∆R) for the
modulus of the nonaffine displacement vectors∆R2 ) (∆X2 +
∆Y2 + ∆Z2), as defined in Section 4B. The quantity〈∆R2〉1/2

measured at the end of shear cycles is plotted as a function of
the residual strainf (plasticity) in Figure 23 for various systems,
and various maximum deformation amplitudes, corresponding
thereby to various values of the residual shear strain. Apart from
a nonzero value of〈∆R2〉 at zero value of the plasticityf, the

Figure 21. FractionB of tetrahedra that haveneVer buckled, as a
function of time, during large amplitude oscillatory cycles (periodT
) 51.2 s), in the systemΦ ) 0.40,n ) 12, for various peak to peak
amplitude of the oscillations: (O) γmax ) 1.63; (]) γmax ) 0.28; (4)
γmax ) 0.08. Thresholdε ) 0.75. This quantity is deduced from the
amplitude atN ) 0 of histograms such as those in Figure 19. In black,
we display a two-time analysis of the buckling dynamics: the fraction
of tetrahedra inverted att1 ) 104.8 s have been selected. The curves
give the fraction of this subensemble which have not subsequently
buckled.

〈Eel〉 )
1

Ns
∑

j

Eel
j (20)

Figure 22. Cycle of large amplitude shear, followed by a second cycle
in the opposite direction, in a systemn ) 8.5, Φ ) 0.35. The bottom
right inset is a zoom of the stress-strain curves, which shows that the
macroscopic plasticity may be canceled in this way. The arrows indicate
the shear parts at constantγ̆ ) (0.1. Up left inset: the average total
energy (defined in eq 22) as a function of time during the cycles. Time
t ) 0 is the starting point of the first cycle (γ̆ ) 0.1), the two curves
relaxing betweent ≈ 0 andt ≈ 300 s corresponding to relaxation from
γmax ) 2.0 (top curve) andγmax ) 0.80 (bottom curve), respectively.
The second cycle (γ̆ ) -0.1) starts att ≈ 335.

〈Ehs〉 )
1

Npair
∑
m

Ehs
m (21)

〈Etot〉 )
1

N
( ∑
spring

Eel
j + ∑

pair

Ehs
m) (22)
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variance〈∆R2〉 varies linearly with the amplitudef. 〈∆R2〉 values
obtained at the end of a second reverse cycle with various
negative amplitudes (see Figure 22) are plotted also in Figure
23. Whereas the imposed reverse deformation tends to suppress
the macroscopic residual deformationf, the nonaffine displace-
ment 〈∆R2〉 remains unaffected; even though the macroscopic
quantity f may be canceled by applying an appropriate coun-
terdeformation, it is impossible to suppress the microscopic
hysteresis of the displacement field.

To illustrate the relationship between plasticity and micro-
scopic irreversibility, the fraction of bucklingsB is plotted as a
function of the plasticityf in Figure 24 for various systems and
various maximum deformation amplitudes, corresponding thereby
to various values off. B is measured at the end of shear cycles,
that is, the final state of each tetrahedron is considered (at the
end of the way back to zero stress) and compared to the initial
state. In the same way as in Figure 23, the fraction of bucklings
B measured after second reverse cycles with various negative
deformations, which suppress the macroscopic residual defor-
mation (see Figure 22), is also plotted in 24. It is clear that
plasticity correlates very well to the fraction of local topological
changes (bucklings) during a large amplitude cycle. For a given
system, a linear relationship between the residual deformation
and the buckling fraction is approximately observed. Note that
the slope of each of these curves depends strongly on the
considered system. However, in a second reverse cycle, even
though the macroscopic plasticity can be canceled by an
appropriate deformation amplitude, the local configurations are
not recovered. The number of topological inversions (as referred
to the initial state) does not cancel and tends to increase even
more. This illustrates the irreversible nature of the microscopic
reorganizations under applied strain. The fraction of bucklings
B at the end of shear cycles of fixed maximum amplitudeγmax

) 2.0 is plotted as a function of the residual deformationf in
Figure 25. Indeed, very different plastic behavior, that is, very
different values of the plasticityf, are observed in various
systems, specifically in systems with various connectivities,

whereas the fractions of bucklings observed in all these systems
are comparable.

5. Conclusion

We have proposed a model in order to simulate on a
mesoscopic scale the dynamical behavior of thermoplastic
elastomers or reinforced rubbers in the high-temperature regime.
This model represents a disordered elastic system made of hard
spheres connected by harmonic springs. The parameters of the
model are the connectivityn and the volume fractionΦ.
Disorder is introduced by the dispersion of connectivity (see
Figure 2). The connection between our mesoscopic model and
a more precise description of thermoplastic elastomers is
relatively direct: such systems are indeed rigid beads connected
by polymer chains. In the case of filled elastomers, we expect
our model to be more relevant in the case of weakly reticulated
rubber matrixes, for which the elastic disorder is more important
than in the case of strongly reticulated networks. In this latter

Figure 23. Average displacement〈∆R2〉1/2 (computed from the second
moment of the histograms), as a function of the residual deformation
f, for different values of the volume fractionΦ, connectivityn, and
maximum strainγmax: (0) n ) 8.5,Φ varying from 0.20 to 0.375,γmax

) 2.0; (O) n ) 9, Φ varying from 0.20 to 0.37,γmax ) 2.0; (]) n )
10, Φ varying from 0.20 to 0.375,γmax ≈ 1.9; (crossed square)n )
8.5,Φ ) 0.35,γmax varying from 0.1 to 2.0; (]) n ) 10, Φ ) 0.375,
γmax varying from 0.2 to 2.4; (x) n ) 9, Φ ) 0.375,γmax varying from
0.1 to 2.0; (2) points obtained after a second cycle shearing atγ̆ ) -
0.1 down to different valuesγmax

R (respectively-0.6, -1.0, -1.4,
-1.8).

Figure 24. Fraction of bucklingsB (defined as the total number of
bucklings divided by the total number of tetrahedra) at the end of a
shear cycle, as a function of the residual deformationf, for different
values of the maximum strainγmax in systems with various volume
fraction Φ and connectivityn: (]) n ) 12, Φ ) 0.40,γmax varying
from 0.02 to 2.0; (crossed square)n ) 8.5, Φ ) 0.35; (x) n ) 9, Φ
) 0.375; (0) n ) 12,Φ ) 0.325; (3) n ) 12,Φ ) 0.20,γmax varying
from 0.1 to 2.0; (() n ) 10, Φ ) 0.375,γmax varying from 0.2 to 2.4;
(2) points obtained after a second cycle shearing atγ̆ ) - 0.1 down
to different valuesγmax

R (respectively-0.6, -1.0, -1.4, -1.8), as
illustrated in Figure 23.

Figure 25. Fraction of bucklingsB at the end of a shear cycle of fixed
maximum amplitudeγmax ) 2.0, as a function of the residual
deformation f, for different values of the volume fractionΦ and
connectivityn: (O) n ) 8.5,Φ ) 0.20-0.425; (]) n ) 9, Φ ) 0.20-
0.425; (0) n ) 10, Φ ) 0.20-0.425; (4) n ) 12, Φ ) 0.20-0.40.
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case, the model could be adapted by increasing the connectivity
n and reducing its dispersion. In any case, subsequent work will
be needed for establishing a quantitative mapping between real
systems (thermoplastic or filled elastomers) and the present
model, that is, relating the actual morphology of the systems to
the parameters of the model. On the other hand, our model
allows for the first qualitative analysis of mesoscopic relaxation
of such systems and for analyzing their plastic behavior.

The response of the system to large-amplitude shear deforma-
tions has been studied by dissipative particle dynamics. The
simulated systems exhibit some major effects that correspond
to the behavior effectively observed in thermoplastic elastomers
or filled rubbers. First, they allow reproduction of the reinforce-
ment observed in the high-temperature regime in refs 65 and
66 as a function of the filler volume fraction. Second, our
simulations display the nonaffinity of the microscopic displace-
ments that have been observed in systems such as gels or
rubbers. The plastic deformation of samples submitted to large-
amplitude deformations may also be studied in our simulations.
The systems exhibit an elastic regime in which they are able to
recover their initial shape. This elastic regime corresponds here
to deformations smaller than about 15%. At larger deformations,
our simulations show that such systems exhibit a marked plastic
behavior. Plasticity thresholds of real systems are not precisely
documented in the literature. On the other hand, the amplitude
of the plasticity observed in our simulations, between 0.05 and
0.20 for a deformation amplitudeγmax ) 1.0, is typical of what
is observed on thermoplastic elastomers4,10-25 Note that chain
pull out has often been proposed as a mechanism leading to
plasticity. It is indeed very important to reduce this effect to
control the mechanical behavior of thermoplastic elastomers.
However, our simulations show that even if chain pull out can
be reduced (e.g., by considering large molecular weight glassy
blocks, or blocks with highTg), controlling plasticity requires
a very fine control and reduction of the elastic disorder of the
samples. For real thermoplastic elastomers, that corresponds to
a large number of connections between glassy beads (i.e., a large
number of chains per bead, and as few loops as possible) and
to a small dispersion in the quality of the connection between
various beads. In the case of filled elastomers, that would
correspond to a strongly reticulated matrix with strong anchorage
to the filler and a good dispersion.

The simulations show that the plastic behavior of the system
is strongly correlated to the tendency toward nonaffine deforma-
tions on a microscopic scale. On the other hand, even though
the initial shape may be recovered by applying appropriate
counterdeformations, the microscopic reorganization of the
network is irreversible: the state of such systems thus depends
on their history. Our simulations show that the elastic behavior
is favored by a more strongly reticulated rubber matrix and that
elastic disorder is a driving force for microscopic irreversibility.
Indeed, the smaller the connectivityn, the larger the nonaffinity
of the microscopic motion and the fraction of bucklings. The
same simulations show that the presence of the fillers results
in two competing effects. The first one, which we called
mechanism (I), is a cage-like effect and contributes to reducing
microscopic irreversibility. The second one, mechanism (II),
tends to make the bucklings irreversible by preventing the
system to relax back in its initial microscopic state. The
microscopic and macroscopic behavior depends on which
mechanisms dominate. We have shown that large filler volume
fractions favor plastic behavior. On the other hand, large filler
volume fractions might be useful to obtain systems with a high
shear modulus. To better control the plastic behavior, our

simulations suggest that a better way to achieve high shear
modulus would be to consider systems made of shorter chains
and smaller glassy bead volume fractions for instance. More
generally, our model and simulations open the way for a large
scope of investigations aimed at determining the phase space
regarding elastic and plastic behavior to help designing systems
with tailored properties. Our approach should be of interest for
designing reinforced elastomers with improved elastic behavior.
This kind of approach should be extended to describe in more
detail the nonlinear behavior of gels and rubbers, and also the
complex and fascinating behavior of filled elastomers in the
low-temperature regime, in which glass transition effects lead
to dramatic reinforcement and very strong nonlinear phe-
nomena.1,8,65-67
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Appendix

A. Torque. The torque acting on the system can be written
as

where the forceFBi is the total force acting on particlei. The
torque can be written as

where the summation runs other all internal forces.FBi,j is the
force that particlej exerts on particlei. The torque can then be
written as

Because all the forces between particles are central forces, this
quantity is zero.

B. Deviation of the Initial Stress Tensor.In a macroscopic
sample, the stress should be diagonal immediately after the
particles have been randomly distributed in the sample because
the sample would be isotropic. On the other hand, because of
the finite number of particles in our sample, fluctuations cannot
be neglected. After the particles have been distributed, the
deviation of nondiagonal elements of the stress tensor can be
estimated as:

We consider the case of nondiagonal elementsR * â. Then,
the previous sum, which containsN2 terms a priori, effectively
contains a number of orderN of non-negligible terms only.
Indeed

for indices corresponding to particles far apart. Thus

TB )∑
i

RBi ∧ FBi (23)

TB ) ∑
i,jneighbors

RBi ∧ FBi,j (24)

TB )
1

2
∑

i, jneighbors

(RBi - RBj) ∧ FBi,j (25)

〈σRâ
2〉 )

1

V2
∑
i, j

〈RR
i RR

j Fâ
i Fâ

j 〉 (26)

〈RR
i RR

j Fâ
i Fâ

j 〉 ≈ 0 (27)

〈σRâ
2〉 )

1

V2
∑

i,jneighbors

〈RR
i RR

j Fâ
i Fâ

j 〉 ≈

1

V2
∑

i,jneighbors

〈RR
i RR

j 〉 〈Fâ
i Fâ

j 〉 (28)
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When the indicesi and j are different, one has, if the particles
i and j are neighbors

wheref is the typical force exerted by the elastic springs or by
the hard core repulsion. If the particles are not neighbors, this
average is zero. When the indicesi and j are equals, one has

These terms exactly cancel the previous ones, except for the
bonds at the boundaries that point out of the box. The
contribution of the remaining terms is therefore

The subscriptB means that the summation is performed over
all particles that interact through the boundary of the box. The
number of such particles isNB. Finally:

Thus, for a box with 104 particles, the amplitude of nondiagonal
elements of the stress tensor is of the order 0.1 and is therefore
not negligible.

C. Amplitude of the Correlation Functions. Let us consider
an elastic body with a nonhomogeneous elastic modulusµ )
µ0 + δµ. When this system is submitted to an imposed
deformationγ, the displacement fieldub(rb) is such thatµ(rb)ub(rb)
∼ γµ0 is constant. It follows thatδu(rb) ∼ γδµ(rb), whereδu(rb)
is the local distortion as compared to the macroscopic affine
deformation, i.e., the nonaffine displacement. Then:

This shows that, for small deformations, the correlation function
of the nonaffine displacements varies as a function ofγ like
γ2.
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